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Abstract
This is the second of a series of two technical papers devoted to the analysis of
holonomy invariants in strict higher gauge theory with end applications in higher
Chern–Simons theory. We provide a definition of trace over a crossed module
such to yield surface knot invariants upon application to 2–holonomies. We show
further that the properties of the trace are best described using the theory quandle
crossed modules.
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1 Introduction
The topological classification of ordinary knots in 3–dimensions through their
invariants is one of the outstanding problems of contemporary low dimensional
topology [1,2]. Such issue has higher dimensional analogs, in particular the char-
acterization of the topology of knotted surfaces in 4–dimensions by means of
suitable higher invariants [3, 4].
In the first paper of a series of two, we pointed out that the success of 3–
dimensional Chern–Simons theory as a quantum field theoretic framework for
the computation of ordinary knot invariants [5, 6] suggests that a 4–dimensional
version of Chern–Simons theory may do the same with regard to surface knot
invariants. Since the higher dimensional analogs of plane Chern–Simons theory
exist only in odd dimensional spaces, the realization of Chern–Simons theory
appropriate for surface knots is likely to belong to the domain of higher gauge
theory [7, 8]. (See refs. [9, 10] for background information on the subject and
refs. [11, 12] for a comprehensive in depth treatment.) In refs. [13, 14], a higher
gauge theoretic 4–dimensional Chern–Simons model was constructed resembling
in many ways the usual Chern–Simons one having the eventual calculation of
surface knot invariants as its goal. An alternative approach relying on BF theory
instead has been pursued in [15].
In ordinary Chern–Simons theory, the computation of knot invariants in-
volves the evaluation of traces of Wilson loops of the gauge field, mathematically
holonomies of the gauge connection, along knots in representations of the gauge
group [16]. In a strict higher gauge theory, the corresponding issue for surface
knots has two parts: (a) the definition of surface holonomies and the analysis of
their dependence on the choice of gauge and base data; (b) the definition of the
appropriate notion of trace for the gauge crossed module yielding surface knot in-
variants upon application to surface holonomies. The first part has been treated
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in the first paper of the series [17], the second one is the topic of the present
second paper.
1.1 Scope and plan of the paper
We now illustrate the scope of our analysis in an illustrative way with no
pretence to mathematical rigour.
In an ordinary gauge theory with gauge group G and a trivial principal G–
bundle as background, one can associate with any flat connection θ and based
knot ξ the holonomy Fθ(ξ) ∈ G [17]. Fθ(ξ) is not gauge invariant and depends
also on the location of the base point of ξ in general. Smoothly changing the
choice of the gauge and base data however affects Fθ(ξ) at most by a simple
conjugation by some group element a ∈ G, viz
Fθ(ξ)→ aFθ(ξ)a
−1. (1.1.1)
Thus, for given θ and ξ, only the conjugation class of Fθ(ξ) is uniquely deter-
mined in a gauge and base independent manner. If we are to extract a numerical
invariant out the holonomy of a knot, we need a trace over G, a class function in
common parlance, that is a conjugation invariant mapping tr : G→ C, viz
tr(aza−1) = tr(z) (1.1.2)
for a, z ∈ G. There is a well known procedure of construction of such functions.
Given any representation R : G→ GL(X) in some complex vector space X , the
mapping trR : G → C defined by trR(a) = trX(R(a)) for a ∈ G has the above
property.
In this paper, we study surface knots using strict higher gauge theory. A based
surface knot Ξ of genus ℓΞ is characterized by an assignment of a point and 2ℓΞ
independent non contractible loops ζMi based at that point, called characteristics
line knots of Ξ . In a strict higher gauge theory with gauge crossed module
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(G,H) and a trivial principal (G,H)–2–bundle as background, one can associate
with any flat 2–connection doublet (θ, Υ ) and based surface knot Ξ the surface
holonomy Fθ,Υ (Ξ) ∈ H and the 2ℓΞ holonomies Fθ,Υ (ζMi) ∈ G [17]. Fθ,Υ (Ξ) and
the Fθ,Υ (ζMi) are not 1–gauge invariant and depend also on the location of the
characteristic line knots of Ξ . Changing smoothly the choice of the gauge and
base data however affects Fθ,Υ (Ξ), Fθ,Υ (ζMi) by a joined 2–conjugations by some
crossed module elements a ∈ G and Ai ∈ H , viz
Fθ,Υ (Ξ)→ m(a)(Fθ,Υ (Ξ)), (1.1.3)
Fθ,Υ (ζMi)→ aFθ,Υ (ζMi)a
−1t(Ai), (1.1.4)
where t and m are target and action maps of the crossed module (G,H). There-
fore, for given (θ, Υ ) and Ξ , only the joined 2–conjugation class of Fθ,Υ (Ξ) and
the Fθ,Υ (ζMi) is uniquely determined in a 1–gauge and base independent manner.
If we are to distill numerical invariants out the holonomies of a surface knot, we
need a 2–trace over (G,H), which we define as a pair of mappings trb : G → C,
trf : H → C invariant under 2–conjugation, viz
trb(aza
−1t(A)) = trb(z), (1.1.5)
trf(m(a)(Z)) = trf (Z) (1.1.6)
for a, z ∈ G and A,Z ∈ H . Unlike the ordinary case, there is no standard
procedure of construction of such functions to the best of our knowledge. In
this paper, we propose one that parallels as much as possible the familiar one of
ordinary gauge theory.
In the above account, we have introduced at a somewhat elementary level the
notion of trace over a group G or 2–trace over a crossed module (G,H). The
problem of constructing such traces can be dealt with formally using quandle
theory.
Quandles are algebraic structures which emerged in knot theory [18,19] in the
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1980’s. With every knot, there is associated a fundamental quandle. This is a
complete knot invariant in the sense that two non oriented knots are topologically
equivalent if and only if their fundamental quandles are isomorphic. Ascertaining
whether two given quandles are isomorphic is however invariably a prohibitively
difficult task, so that the usefulness of the fundamental quandle as invariant is
limited. (See refs. [20, 21] for a readable introduction to the subject.)
In this paper, we are going to use exploit quandle theory in a completely
different way. What does really matter in the construction of holonomy invariants
is the conjugation structure of the gauge group G, in ordinary gauge theory, and
the 2–conjugation structure of gauge crossed module (G,H), in higher gauge
theory. Those structures are captured by the conjugation quandle Conj(G) of G
in the former case and the conjugation quandle crossed module Conj(G,H) of
(G,H) in the second one. Just as a trace over G can be viewed as a morphism of
the quandle Conj(G) into the trivial quandle C of the complex numbers, a 2–trace
over a (G,H) can be viewed as a morphism of quandle crossed module Conj(G,H)
into the trivial quandle crossed module (Cb,Cf) of the pairs of complex numbers.
This abstract approach may be a little overdone for complex valued traces, but
it has the advantage of being immediately generalizable to more general target
quandle structures.
A categorification of the notion of trace of endomorphisms of vector spaces
exists. (See refs. [22, 23] for a survey.) In the most general version, it applies
to braided monoidal categories such as the category k–Vect of vector spaces on
a field k. However, being inspired by the familiar linear algebraic concept, it is
biased by it at its heart and so does not really serve our purposes. What does
really matter here is the conjugation structure of groups and crossed modules, as
we pointed out above, and this is captured by the quandle formulation.
Just as the construction of invariant traces in a gauge theory with gauge group
G involves the choice of a representation of G, the construction of invariant 2–
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traces in a higher gauge theory with gauge crossed module (G,H) requires a
representation of (G,H). A representation of (G,H) is traditionally defined as
a strict 2–functor from the delooping BV of the strict 2–group V equivalent
(G,H), a 2–groupoid, into the 2–category 2–k–Vect of 2–vector spaces on a field
k, whichever way they are defined. This allows to analyze all representations of
V on the same footing. We have found more natural to define a representation of
(G,H) as a crossed module morphism of (G,H) into a crossed module (G′, H ′)
such that G′, H ′ are subgroups of the general linear groups GL(X), GL(Y ) for
vector spaces X , Y .
The basic definitions and results of quandle theory which we are going to use
are expounded in sect. 2. Our construction of 2–traces is detailed in sect. 3.
1.2 Outlook
The symmetry of the higher 4–dimensional Chern–Simons model of refs. [13,
14] is based on a finite dimensional semistrict 2–term L∞ algebra v obeying certain
conditions. In general, v does not integrate to some kind of finite dimensional
2–group, let alone a strict 2–group equivalent to some crossed module. Much
of the symmetry properties of the model, however, can be phrased in terms of
the automorphism group Aut(v) of v, which is a finite dimensional strict 2–
group even though v is merely semistrict and is therefore equivalent to a crossed
module. It is conceivable, therefore, that holonomy invariants of surface knots
may be computed in this model, at least in principle, using the results of the
present work.
Acknowledgements. We thank E. Soncini for participating in the early stages
of this project and P. Ritter for useful discussions. We acknowledge financial
support from INFN Research Agency.
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2 Quandle theory
Quandle theory is a well developed subject of abstract algebra with a wide
range of applications, especially in knot theory but also to other fields of mathe-
matics. In this section, we illustrate certain results of quandle theory, which will
be applied in next section in our treatment of holonomy invariants. In subsects.
2.1, 2.2, we recall the basic facts of quandle theory. Good reviews on this topic
are found in [20, 24, 25]. In subsects. 2.3, 2.4, we study in some detail quandle
crossed modules and their morphisms. The idea of crossed modules of quandles is
taken from [26] while the notion of augmentation which we introduce is originally
ours to the best of our knowledge.
2.1 Quandles
Quandles are algebraic structures abstracting the notion of conjugation.
Definition 2.1.1 A quandle is a set Q 6= ∅ with a binary operation ⊲ : Q× Q
→ Q with the following properties,
a⊲ a = a, (2.1.1a)
a⊲ (b⊲ c) = (a⊲ b)⊲ (a⊲ c) (2.1.1b)
for any a, b, c ∈ Q. Moreover, for any a, b ∈ Q, the equation a⊲ c = b has a
unique solution c ∈ Q
The solution c of a⊲ c = b is denoted as c = a⊳ b. It can be shown that (Q, ⊳ )
is also a quandle.
Definition 2.1.2 A quandle Q is said pointed, if there exists a distinguished
element 1Q ∈ Q such that
a⊲ 1Q = 1Q, (2.1.2a)
1Q⊲ a = a (2.1.2b)
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for arbitrary a ∈ Q. 1Q is called the neutral element of Q.
The prototypical pointed quandle is the quandle of a group.
Proposition 2.1.1 Let Q be a group. Define a mapping ⊲ : Q×Q→ Q by
a⊲ b = aba−1, (2.1.3)
where a, b ∈ Q. Then, Q with its neutral element 1Q is a pointed quandle.
Proof. From (2.1.3), the axioms (2.1.1a)–(2.1.2b) are easily verified. 
This quandle is called the conjugation quandle of the group Q and is denoted by
Conj(Q), when one wants to emphasize its being a quandle rather than a group.
A set Q 6= ∅ with a distinguished element 1Q is said pointed. With a pointed
set, there is associated a basic quandle.
Proposition 2.1.2 Let Q 6= ∅ be a pointed set. Define a mapping ⊲ : Q×Q→
Q by the relation
a⊲ b = b, (2.1.4)
where a, b ∈ Q. Then, Q with its distinguished element 1Q is a pointed quandle.
Proof. By (2.1.4), the axioms (2.1.1a)–(2.1.2b) hold trivially. 
This quandle is called the trivial quandle of the set Q and is denoted by Triv(Q),
when one wishes to emphasize its having a quandle structure. It derives its name
from the property that the mapping a⊲ · : Q → Q is the identity idQ for any
a ∈ Q. The conjugation quandle of an Abelian group Q is clearly trivial.
2.2 Morphisms of quandles
Quandle morphisms are mappings between quandles compatible with their
quandle structures.
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Definition 2.2.1 Let Q,Q′ be quandles and let φ : Q → Q′ be a mapping. φ is
a quandle morphism if
φ(a⊲ b) = φ(a)⊲′ φ(b) (2.2.1)
for arbitrary a, b ∈ Q. If Q, Q′ are both pointed, it is further required that
φ(1Q) = 1Q′. (2.2.2)
Quandles then organize as a category.
Proposition 2.2.1 Quandles and quandle morphisms form a category. Pointed
quandle and quandle morphism constitute a subcategory of it.
Proof. From (2.2.1), it is easily verified that the composition φ′ ◦ φ : Q→ Q′′ of
two quandle morphisms φ : Q → Q′, φ′ : Q′ → Q′′ the identity idQ of a quandle
are quandle morphisms. Therefore, quandles and quandle morphisms constitute
a subcategory of the category Set, hence a category itself. Similar conclusions
are reached in the pointed case. 
We shall denote by Q (resp. PtQ) the category of ordinary (resp. pointed)
quandles and quandle morphisms.
Proposition 2.2.2 Let Q be a (pointed) quandle. For a ∈ Q, let ιa : Q→ Q be
the mapping defined by the expression
ιa(b) = a⊲ b (2.2.3)
with b ∈ Q. Then, ιa is a (pointed) quandle automorphism.
Proof. First of all, we note that the map ιa is invertible by one of the defining
properties of a quandle structure (cf. def. 2.1.1). By (2.1.1b), further, we have
ιa(b⊲ c) = a⊲ (b⊲ c) = (a⊲ b)⊲ (a⊲ c) = ιa(b)⊲ ιa(c), showing that ιa is a
automorphism of the quandles Q, as claimed. 
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Definition 2.2.2 Let Q be a (pointed) quandle. An quandle automorphism of Q
is called inner if it is of the form ιa for some a ∈ Q.
Quandle inner automorphisms clearly answer to familiar group automorphisms.
We let Inn(Q) be the subgroup of the (pointed) automorphism group Aut(Q) of
Q generated by its inner elements and their inverses.
Proposition 2.2.3 Let Q be a (pointed) quandle. Then, Inn(Q) is a normal
subgroup of Aut(Q).
Proof. Let a ∈ Q and φ be an arbitrary quandle automorphism of Q. Using
(2.2.1), we find that φ ◦ ιa ◦ φ
−1(b) = φ(a⊲φ−1(b)) = φ(a)⊲ b = ιφ(a)(b) for
b ∈ Q. As the subgroup Inn(Q) of Aut(Q) is generated by the automorphisms ιa
and their inverses, Inn(Q) is invariant, so normal in Aut(Q). 
Morphisms of groups induce morphisms of the associated pointed quandles
(cf. prop. 2.1.1).
Proposition 2.2.4 Let Q,Q′ be groups and φ : Q → Q′ be a group morphism.
Then, φ is a morphism of the pointed quandles Q, Q′.
Proof. From (2.1.3), we have φ(a⊲ b) = φ(aba−1) = φ(a)φ(b)φ(a)−1 = φ(a)⊲ ′
φ(b) for a, b ∈ Q so that φ fulfills (2.2.1). The validity of (2.2.2) is obvious, as φ
is a group morphism. 
If we denote Q, Q′ as Conj(Q), Conj(Q′) to emphasize their being endowed
with a quandle structure, then the morphism φ gets denoted as Conj(φ). The
following proposition holds.
Proposition 2.2.5 Conj is a functor from the category Grp of groups and group
morphisms to the category PtQ of pointed quandles and pointed quandle mor-
phisms.
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Proof. Indeed, compositions and identities are preserved by Conj, as it is imme-
diately checked. 
A morphism φ : Q → Q′ of pointed sets is a function such that φ(1Q) = 1Q′
Morphism of pointed sets induce morphisms of the associated pointed quandles
(cf. prop. 2.1.2).
Proposition 2.2.6 Let Q,Q′ be pointed sets and let φ : Q→ Q′ be a pointed set
morphism. Then, φ is a morphism of the pointed quandles Q, Q′.
Proof. From (2.1.4), we have φ(a⊲ b) = φ(b) = φ(a)⊲ ′φ(b) for a, b ∈ Q so
that φ fulfills (2.2.1). The validity of (2.2.2) is obvious, since φ is a pointed set
morphism. 
If we denote Q, Q′ as Triv(Q), Triv(Q′) to emphasize the quandle structure
they are endowed with, then the morphism φ gets denoted as Triv(φ). The
following proposition holds.
Proposition 2.2.7 Triv is a functor from the category PtSet of pointed sets and
pointed set morphisms to the category PtQ of pointed quandles and pointed quan-
dle morphisms.
Proof. Indeed, compositions and identities are obviously preserved by Triv. 
2.3 Quandle crossed modules
Just as crossed modules are generalization of groups involving two groups with
certain structure maps, quandle crossed modules are generalizations of quandles
involving two quandles with additional structure maps.
Definition 2.3.1 A quandle crossed module consists of two quandles Q, R, a
quandle morphism α : R → Q, called quandle target map, and a mapping ⊲ :
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Q× R→ R, called quandle action, with the following properties.
a⊲ (b⊲A) = (a⊲ b)⊲ (a⊲A), (2.3.1a)
a⊲ (A⊲B) = (a⊲A)⊲ (a⊲B), (2.3.1b)
α(a⊲A) = a⊲α(A), (2.3.1c)
α(A)⊲B = A⊲B (2.3.1d)
for arbitrary a, b ∈ Q, A,B ∈ R. Moreover, it is required that the equation
a⊲B = A has a unique solution B ∈ R for any a ∈ Q, A ∈ R.
Since we use consistently lower case letters for the elements of Q and upper case
letters for those of R, it is clear from the context whether the symbol ⊲ denotes
the quandle pairing of Q or that of R or the quandle action of Q on R. (2.3.1a)
is the defining property of a quandle action. (2.3.1b) states that, for any a ∈ Q,
a⊲ · : R→ R is a quandle automorphism of R. (2.3.1c), (2.3.1d) are the quandle
crossed module relations, (2.3.1d) being the quandle version of the Peiffer identity.
Definition 2.3.2 A quandle crossed module (Q,R) is said pointed if both Q, R
are pointed quandles, α is a morphism of pointed quandles and further
1Q⊲A = A, (2.3.2a)
a⊲ 1R = 1R (2.3.2b)
for any a ∈ Q, A ∈ R.
Definition 2.3.3 An augmentation of a quandle crossed module (Q,R) is a map
≻ : R×Q→ Q satisfying the relation
a⊲ (A≻ b) = (a⊲A)≻ (a⊲ b) (2.3.3)
and with the property that the equation A≻ b = a has a unique solution b ∈ Q for
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any a ∈ Q and A ∈ R. When (Q,R) is pointed, we require in addition that
A≻ 1Q = α(A), (2.3.4a)
1R≻ a = a (2.3.4b)
for any a ∈ Q and A ∈ R. A quandle crossed module endowed with an augmen-
tation is said augmented.
Just as an ordinary group yields canonically an ordinary pointed quandle (cf.
prop. 2.1.1), a crossed module yields canonically an augmented pointed quandle
crossed module.
Proposition 2.3.1 Let (Q,R) be a crossed module with target map t and action
map m. View Q, R as the pointed quandles of the underlying groups. Let α : R
→ Q and ⊲ : Q× R→ R be defined by setting
α(A) = t(A), (2.3.5)
a⊲A = m(a)(A) (2.3.6)
with a ∈ Q and A ∈ R. Let further ≻ : R×Q→ Q be defined by
A≻ a = at(A) (2.3.7)
with a ∈ Q and A ∈ R. Then, (Q,R) is an augmented pointed quandle crossed
module.
Proof. Recall that the quandle operations of Q and R are both defined by
relation (2.1.3). By (2.3.5), on account of prop. 2.2.4, as t is a group mor-
phism, α is a pointed quandle morphism. (2.3.1a), (2.3.1b), (2.3.1c) and (2.3.1d)
hold by (2.1.3), (2.3.5), (2.3.6) and the basic crossed module identities m(ab)(A)
= m(a)(m(b)(A)), m(a)(AB) = m(a)(A)m(a)(B), t(m(a)(A)) = at(A)a−1 and
m(t(A))(B) = ABA−1, a, b ∈ Q, A,B ∈ R, respectively. (2.3.2a) and (2.3.2b)
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are an immediate consequence of (2.3.6) and the identities m(1Q)(A) = A and
m(a)(1R) = 1R, a ∈ Q, A ∈ R. (2.3.3) holds by (2.1.3), (2.3.6), (2.3.7) and again
the identity at(A)a−1 = t(m(a)(A)), a ∈ Q, A ∈ R. Finally, (2.3.4a) and (2.3.4b)
follow readily from (2.3.5), (2.3.7) and the identity t(1R) = 1Q. 
This quandle crossed module is called the conjugation quandle crossed module
of the crossed module (Q,R) and is denoted by Conj(Q,R), when one wants to
emphasize its quandle theoretic structure.
As there exists a pointed quandle canonically associated to a pointed set (cf.
prop. 2.1.2), there is an augmented pointed quandle crossed module associated
to a pair of pointed sets.
Proposition 2.3.2 Let Q, R be pointed sets. View Q, R as the pointed quandles
of the corresponding sets. Let α : R→ Q and ⊲ : Q× R→ R be defined by
α(A) = 1Q, (2.3.8)
a⊲A = A (2.3.9)
with a ∈ Q and A ∈ R. Let further ≻ : R×Q→ Q be defined by
A≻ a = a (2.3.10)
with a ∈ Q and A ∈ R. Then, (Q,R) is an augmented pointed quandle crossed
module.
Proof. Recall that the quandle operations of Q and R are both defined by relation
(2.1.4). By (2.3.8), it is clear that α is a pointed quandle morphism. (2.3.1a),
(2.3.1b), (2.3.1c) and (2.3.1d) hold trivially by (2.1.4), (2.3.8), (2.3.9). (2.3.2a)
and (2.3.2b) are an immediate consequence of (2.3.9). (2.3.3) holds by (2.1.4)
and (2.3.10). Finally, (2.3.4a) and (2.3.4b) are follow trivially from (2.3.8) and
(2.3.10). 
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This quandle crossed module is called the trivial quandle crossed module of the
pointed set pair (Q,R) and is denoted by Triv(Q,R), when one wishes to empha-
size its having a quandle structure.
2.4 Morphisms of quandle crossed modules
Quandle crossed module morphisms are mappings between quandles crossed
modules respecting their quandle structure.
Definition 2.4.1 Let (Q,R), (Q′, R′) be quandle crossed modules. A morphism
(φ, ψ) : (Q,R) → (Q′, R′) consists of a pair of quandle morphisms φ : Q → Q′,
ψ : R→ R′ such that
φ(α(A)) = α′(ψ(A)) (2.4.1)
ψ(a⊲A) = φ(a)⊲′ ψ(A) (2.4.2)
for a ∈ Q and A ∈ R. If (Q,R), (Q′, R′) are both pointed, it is further required
that φ, ψ be pointed quandle morphisms. If (Q,R), (Q′, R′) are both endowed
with a augmentation, it is also required that
φ(A≻ a) = ψ(A)≻′ φ(a) (2.4.3)
for a ∈ Q and A ∈ R.
Like quandles, quandle crossed modules and their morphisms form a category.
Proposition 2.4.1 The quandle crossed modules and quandle crossed module
morphism form a category. The pointed, augmented and pointed and augmented
quandle crossed modules and crossed module morphisms constitute subcategories
of this category.
Proof. From (2.4.1), (2.4.2), it is easily shown that the composition (φ′◦φ, ψ′◦ψ) :
(Q,R) → (Q′′, R′′) of two quandle crossed module morphisms (φ, ψ) : (Q,R) →
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(Q′, R′), (φ′, ψ′) : (Q′, R′)→ (Q′′, R′′) the identity (idQ, idR) of a quandle crossed
module are quandle crossed module morphisms. Therefore, quandles and quandle
morphisms constitute a subcategory of the category Set × Set, hence a category
itself. Similar conclusions are reached in the pointed, augmented and pointed
and augmented cases. 
We shall denote by QCM (resp. PtQCM, AuQCM, AuPtQCM), the category
of ordinary (resp. pointed, augmented, pointed and augmented) quandle crossed
modules and quandle crossed module morphisms.
Proposition 2.4.2 Let (Q,R) be a (pointed, augmented, pointed and augmented)
quandle crossed module. For a ∈ Q, let ιa : Q → Q and µa : R → R be the
mappings defined by the expressions
ιa(b) = a⊲ b, (2.4.4a)
µa(B) = a⊲B (2.4.4b)
with b ∈ Q and B ∈ R. Then, (ιa, µa) is a (pointed, augmented, pointed and
augmented) quandle crossed module automorphism.
Proof. First of all, we note that the maps ιa, µa are invertible by one of the
defining properties of a quandle crossed module structure (cf. defs. 2.1.1, 2.3.1).
By (2.1.1b), (2.3.1b), further, we have ιa(b⊲ c) = a⊲ (b⊲ c) = (a⊲ b)⊲ (a⊲ c)
= ιa(b)⊲ ιa(c), µa(B⊲C) = a⊲ (B⊲C) = (a⊲B)⊲ (a⊲C) = µa(B)⊲µa(C),
showing that ιa, µa are automorphisms of the quandles Q and R, respectively.
Next, by (2.3.1c), (2.3.1a), we have ιa(α(B)) = a⊲α(B) = α(a⊲B) = α(µa(B)),
µa(b⊲B) = a⊲ (b⊲B) = (a⊲ b)⊲ (a⊲B) = ιa(b)⊲µa(B) with b ∈ Q, B ∈ R,
verifying (2.4.1), (2.4.2) and showing (ιa, µa) : (Q,R) → (Q,R) is a quandle
crossed module automorphism of (Q,R). Let (Q,R) be pointed. By (2.1.2a),
(2.3.2b), we have ιa(1Q) = a⊲ 1Q = 1Q, µa(1R) = a⊲ 1R = 1R, verifying that
the quandle automorphisms ιa, µa are both pointed as required. Let (Q,R) be
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augmented. Then, by (2.3.3), ιa(B≻ b) = a⊲ (B≻ b) = (a⊲B)≻ (a⊲ b) =
µa(B)≻ ιa(b) proving (2.3.3) as required. 
Definition 2.4.2 Let (Q,R) be a (pointed, augmented, pointed and augmented)
quandle crossed module. A (pointed, augmented, pointed and augmented) quandle
crossed module automorphism of (Q,R) is called inner if it is of the form (ιa, µa)
for some a ∈ Q.
The subgroup of the (pointed, augmented, pointed and augmented) quandle
crossed module automorphism group Aut(Q,R) of (Q,R) generated by the inner
elements and their inverses will be denoted by Inn(Q,R).
Proposition 2.4.3 Let (Q,R) be a (pointed, augmented, pointed and augmented)
quandle crossed module. Then, Inn(Q,R) is a normal subgroup of Aut(Q,R).
Proof. Let a ∈ Q and (φ, ψ) be an arbitrary quandle crossed module auto-
morphism of (Q,R). Using (2.2.1), (2.4.2), we find that φ ◦ ιa ◦ φ
−1(b) =
φ(a⊲φ−1(b)) = φ(a)⊲ b = ιφ(a)(b), ψ ◦ µa ◦ ψ
−1(B) = ψ(a⊲ψ−1(B)) = φ(a)
⊲B = µφ(a)(B). for b ∈ Q, B ∈ R. Since the subgroup Inn(Q,R) of Aut(Q,R)
is generated by the automorphisms (ιa, µa) and their inverses, Inn(Q,R) is invari-
ant, hence normal in Aut(Q,R). 
Morphisms of crossed module induce morphisms of the associated conjugation
quandle crossed modules (cf. prop. 2.3.1).
Proposition 2.4.4 Let (Q,R), (Q′, R′) be crossed modules and (φ, ψ) : (Q,R)
→ (Q′, R′) be a crossed module morphism. View (Q,R), (Q′, R′) as augmented
pointed quandle crossed modules. Then, (φ, ψ) is a morphism of augmented
pointed quandle crossed modules.
Proof. Recall that a morphism (φ, ψ) : (Q,R)→ (Q′, R′) of crossed modules is a
pair of group morphisms φ : Q → Q′, ψ : R → R′ such that φ(t(A)) = t′(ψ(A))
and ψ(m(a)(A)) = m′(φ(a))(ψ(A)) with a ∈ Q, A ∈ R. By prop. 2.2.4,
φ : Q→ Q′, ψ : R→ R′ are then morphisms of pointed quandles. From relations
(2.3.5), (2.3.6) and (2.3.7), we have φ(α(A)) = φ(t(A)) = t′(ψ(A)) = α′(ψ(A)),
ψ(a⊲A) = ψ(m(a)(A)) = m′(φ(a))(ψ(A)) = φ(a)⊲′ ψ(A) and φ(A≻ a) =
φ(a)φ(t(A)) = φ(a)t′(ψ(A)) = ψ(A)≻′ φ(a) for a ∈ Q, A ∈ R verifying the
axioms (2.4.1), (2.4.2) as well as (2.4.3). 
If we denote (Q,R), (Q′, R′) as Conj(Q,R), Conj(Q′, R′) to emphasize their
being endowed with a quandle crossed module structure, then the morphism
(φ, ψ) gets denoted as Conj(φ, ψ). The following proposition holds.
Proposition 2.4.5 Conj is a functor from the category CM of crossed modules
and crossed module morphisms to the category AuPtQCM of augmented pointed
quandle crossed modules and quandle crossed module morphisms.
Proof. Indeed, compositions and identities are obviously preserved by Conj. 
An analogous result holds also for trivial quandle crossed modules (cf. prop.
2.3.2).
Proposition 2.4.6 Let Q, R, Q′, R′ be pointed sets. Let φ : Q→ Q′, ψ : R→ R′
be two pointed maps. View (Q,R), (Q′, R′) as augmented pointed quandle crossed
modules. Then, (φ, ψ) : (Q,R) → (Q′, R′) is a morphism of augmented pointed
quandle crossed modules.
Proof. By prop. 2.2.6, φ : Q → Q′, ψ : R → R′ are pointed quandle mor-
phisms. From (2.3.8), (2.3.9) and (2.3.10), we have that φ(α(A)) = φ(1Q) = 1Q′
= α′(ψ(A)), ψ(a⊲A) = ψ(A) = φ(a)⊲′ ψ(A) and φ(A≻ a) = φ(a) = ψ(A)
≻′ φ(a) for a ∈ Q, A ∈ R, verifying (2.4.1), (2.4.2) as well as (2.4.3). 
If we denote (Q,R), (Q′, R′) as Triv(Q,R), Triv(Q′, R′) to emphasize the
quandle crossed module structure they are endowed with, then the morphism
(φ, ψ) gets denoted as Triv(φ, ψ). The following proposition holds.
19
Proposition 2.4.7 Triv is a functor from the category PtSet× PtSet of ordered
pairs of pointed sets and pointed set morphisms to the category AuPtQCM of aug-
mented pointed quandle crossed modules and quandle crossed module morphisms.
Proof. Indeed, compositions and identities are obviously preserved by Triv. 
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3 Higher gauge quandle and holonomy invariants
In this section, we shall show how the abstract quandle theory expounded in
the previous section can be fruitfully applied to define and construct invariant
traces over crossed modules. In turn these can be used to build holonomy in-
variants in strict higher gauge theory for reasons explained in subsect. 1.1 of the
introduction, which we shall not repeat. In subsect. 3.1, we describe invariant
traces abstractly as morphisms of the conjugation quandle of the relevant gauge
group or crossed module into a trivial numerical quandle or quandle crossed mod-
ule, respectively. In subsect. 3.2, we illustrate a natural construction of invariant
traces using representations of the gauge group or crossed module.
3.1 Traces over crossed modules
The definition of holonomy invariants requires a notion of trace. Here, we
present first an axiomatization of the ordinary group trace based on quandle
theory and then we propose a natural extension to crossed module trace relying
on quandle crossed module theory.
Let G be a group.
Definition 3.1.1 A trace over G is a mapping tr : G→ C such that
tr(aba−1) = tr(b) (3.1.1)
for arbitrary a, b ∈ G.
This is the only property of any trace which really matters if the gauge invariance
of holonomy invariants is to be ensured.
Definition 3.1.2 The characteristics value of a trace tr over G is
κtr = tr(1G). (3.1.2)
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We observe that if tr is a trace over G so is z · tr for any complex number z ∈ C.
So, we can normalize the trace by requiring that κtr ∈ Z is integer.
The above can be aptly rephrased using quandle theory (cf. sect. 2). With the
group G, there is associated a pointed quandle, the conjugation quandle Conj(G)
of G. This is equal to G as a set, its quandle operation is defined by
a⊲ b = aba−1 (3.1.3)
with a, b ∈ G and its neutral element is 1G (cf. subsect. 2.1). Likewise, with the
set C pointed by κtr, there is associated a pointed quandle, the trivial quandle
Triv(C) of C. This is equal to C as a set, its quandle operation is defined by
w⊲ z = z (3.1.4)
with w, z ∈ C and its neutral element is κtr (cf. subsect. 2.1). A trace over G
can now be viewed as quandle morphism of these two quandles (cf. subsect. 2.2).
Proposition 3.1.1 If tr is a trace over G, then tr is a pointed quandle morphism
of Conj(G) into Triv(C).
Proof. In fact, relation (3.1.1) can be written as
tr(a⊲ b) = tr(b) = tr(a)⊲ tr(b) (3.1.5)
(cf. eq. (2.2.1)) and (3.1.2) is the statement of the pointedness of tr (cf. eq.
(2.2.2)). 
Our quandle theoretic formulation of the notion of trace over a group points
to a possible viable definition of trace over a crossed module.
Let (G,H) be a crossed module with target and action maps t and m, respec-
tively.
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Definition 3.1.3 A trace over (G,H) is a pair (trb, trf) of mappings trb : G →
C, trf : H → C satisfying the relations
trb(aba
−1t(A)) = trb(b), (3.1.6a)
trf(m(a)(B)) = trf(B) (3.1.6b)
for arbitrary a, b ∈ G and A,B ∈ H.
The above are the minimal properties required to any crossed module trace to
ensure the gauge invariance of higher holonomy invariants.
We observe here that (3.1.6a), (3.1.6b) imply that trb, trf are traces over the
groups G and H , respectively, in the second case thanks to the Peiffer identity.
Definition 3.1.4 The characteristics values of a trace (trb, trf ) over (G,H) are
κtr b = trb(1G), (3.1.7a)
κtr f = trf(1H). (3.1.7b)
From the definition, if (trb, trf) is a trace over (G,H) so is (z · trb, w · trf) for any
complex numbers z, w ∈ C. Using this property, we can normalize the trace by
requiring that κtr b, κtr f ∈ Z are integer.
As in the ordinary case, one can be elegantly rephrase the above using quandle
theory (cf. sect. 2). With (G,H), there is associated an augmented pointed
quandle crossed module, the conjugation quandle crossed module Conj(G,H) of
(G,H). This consists of the pointed quandles G, H , with target map
α(A) = t(A), (3.1.8)
quandle action
a⊲A = m(a)(A) (3.1.9)
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and augmentation
A≻ a = at(A), (3.1.10)
where a ∈ G and A ∈ H (cf. subsect. 2.3). Additionally, one can construct an
augmented pointed quandle crossed module from two copies Cb, Cf of C pointed
by κtr b, κtr f respectively, the trivial quandle crossed module Triv(Cb,Cf) of the
pair (Cb,Cf). This consists of the pointed quandles Cb, Cf , the target map
k(Z) = κtr b, (3.1.11)
quandle action
z⊲Z = Z (3.1.12)
and augmentation
Z ≻ z = z, (3.1.13)
where z ∈ Cb and Z ∈ Cf (cf. subsect. 2.3). A trace over (G,H) can now
be viewed as augmented pointed quandle crossed module morphism of these two
quandles (cf. subsect. 2.4).
Proposition 3.1.2 If (trb, trf ) is a trace over (G,H), then (trb, trf) is an aug-
mented pointed quandle crossed module morphism of Conj(G,H) into Triv(Cb,Cf).
Proof. Albeit straightforward, the proof illustrates how quandle theory is well
suited to the description of the invariance properties of traces.
By (3.1.6a) with A = 1H , we have
trb(a⊲ b) = trb(aba
−1) = trb(b) = trb(a)⊲ trb(b) (3.1.14)
for a, b ∈ G, showing that trb is a morphism of the quandle G into Cb (cf. eq.
(2.2.1)). Further, as trb(1G) = κtr b, trb is pointed. By (3.1.6b) with a, A replaced
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by t(A), B respectively and the Peiffer identity, we have
trf(A⊲B) = trf (ABA
−1) = trf (m(t(A))(B)) (3.1.15)
= trf(B) = trf (A)⊲ trf(B)
for A,B ∈ H , showing that trf is a morphism of the quandle H into Cf (cf.
eq. (2.2.1)). Further, as trf(1H) = κtr f , trf is pointed. By (3.1.6a), (3.1.8) and
(3.1.11), we also have
trb(α(A)) = trb(t(A)) = trb(1G) = κtr b = k(trf(A)) (3.1.16)
for A ∈ H , verifying condition (2.4.1). As (3.1.6b) can be written as
trf(a⊲B) = trf(B) = trb(a)⊲ trf (B) (3.1.17)
with a ∈ G and B ∈ H by (3.1.9), (2.4.2) is satisfied. Finally, from (3.1.6a) with
a replaced by 1G, we find that
trb(A≻ b) = trb(bt(A)) = trb(b) = trf (A)≻ trb(b) (3.1.18)
with b ∈ G and A ∈ H , so that also (2.4.3) is also satisfied. All the required condi-
tion being fulfilled, (trb, trf) is an augmented pointed quandle crossed morphism
of Conj(G,H) into Triv(Cb,Cf). 
3.2 Representations of crossed modules and traces
In this subsection, we shall illustrate a general scheme for the construction of
traces over a Lie crossed module.
Traces on groups are easy to construct. Let G be a Lie group and R : G →
GL(X) be a representation of G in the vector space X .
Definition 3.2.1 For a ∈ G, set
trR(a) = trX(R(a)) (3.2.1)
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In common parlance, trR is the character of the representation R.
Proposition 3.2.1 trR is a trace over G
Proof. The proof reduces to the verification trR satisfies condition (3.1.1), which
is trivial. 
The characteristic value of the trace trR (cf. def. 3.1.2) is the dimension of the
representation R
Proposition 3.2.2 One has
κtrR = dimX. (3.2.2)
Proof. This follows trivially from the defining relation (3.1.2) and (3.2.2). 
Constructing traces over Lie crossed modules turns out to be not so straight-
forward.
Definition 3.2.2 Let X, Y be vector spaces on the same field. A Lie crossed
module (G,H) is said of type (X, Y ) if G ⊂ GL(X), H ⊂ GL(Y ).
Definition 3.2.3 Let X, Y be complex vector spaces equipped with an Hermitian
inner product. A Lie crossed module (G,H) of type (X, Y ) is said unitary if
G ⊂ U(X), H ⊂ U(Y ).
Let (G,H) be a Lie crossed module with target and action maps t and m and
(X, Y ) be a pair of vector spaces on the same field.
Definition 3.2.4 A representation of (G,H) on (X, Y ) is a Lie crossed module
morphism (R, S) : (G,H) → (G′, H ′), where (G′, H ′) is a Lie crossed module of
type (X, Y ). The representation is said unitary if X, Y are complex vector spaces
with Hermitian inner product and (G′, H ′) is unitary.
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Explicitly, the representation consists of two group morphisms R : G → G′,
S : H → H ′ such that
R(t(A)) = t′(S(A)), (3.2.3a)
S(m(a)(A)) = m′(R(a))(S(A)) (3.2.3b)
with a ∈ G, A ∈ H .
From now on, we assume that G, H are compact Lie groups. With no loss
of generality, we can then take (R, S) to be a unitary representation of (G,H),
since for compact groups every representation is equivalent to a unitary one.
Let µG, µH be the bi-invariant Haar measures of G, H normalized so that
vol(G) = vol(H) = 1 [27]. By a standard group averaging, we define the following
mappings.
Definition 3.2.5 For a ∈ G and A ∈ H, set
trR,Sb(a) =
∫
H
dµH(X) trX(R(at(X))), (3.2.4a)
trR,Sf(A) =
∫
G
dµG(x) trY (S(m(x)(A))). (3.2.4b)
These constitute a crossed module trace (cf. def. 3.1.4).
Proposition 3.2.3 (trR,Sb, trR,Sf) is a trace over (G,H).
Proof. As a preliminary result let us prove that, for any continuous function
f : H → C and a ∈ G,
∫
H
dµH(X)f(m(a)(X)) =
∫
H
dµH(X)f(X). (3.2.5)
Consider the algebra C(H) of continuous functions on the topological group H
and the linear functional F : C(H)→ C defined by
F(g) =
∫
G
dµG(x)
∫
H
dµH(X)g(m(x)(X)) (3.2.6)
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with g ∈ C(H). For A ∈ H , let LA denote the left translation by A in H , so that
LA(B) = AB for B ∈ H . We then have
F(g ◦ LA) =
∫
G
dµG(x)
∫
H
dµH(X)g(Am(x)(X)) (3.2.7)
=
∫
G
dµG(x)
∫
H
dµH(X)g(m(x)(m(x)
−1(A)X))
=
∫
G
dµG(x)
∫
H
dµH(X)g(m(x)(X)) = F(g)
by the left invariance of the Haar measure of µH . By the Riesz representation
theorem and the uniqueness up to a constant of the Haar measure of H , there is
a positive constant c such that
F(g) = c
∫
H
dµH(X)g(X) (3.2.8)
for g ∈ C(H). By (3.2.5) and (3.2.9) with g = 1, we have
c = c vol(H) = F(1) = vol(G) vol(H) = 1. (3.2.9)
Inserting this value into (3.2.8), we find that
F(g) =
∫
H
dµH(X)g(X). (3.2.10)
By virtue of (3.2.5) and (3.2.10), for any continuous function f : H → C,
∫
H
dµH(X)f(m(a)(X)) = F(f ◦m(a)) (3.2.11)
=
∫
G
dµG(x)
∫
H
dµH(X)f(m(a)(m(x)(X)))
=
∫
G
dµG(x)
∫
H
dµH(X)f(m(ax)(X))
=
∫
G
dµG(x)
∫
H
dµH(X)f(m(x)(X))
= F(f)
=
∫
H
dµH(X)f(X),
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where the left invariance of the Haar measure µG was exploited. (3.2.5) is there-
fore shown.
We now can prove the proposition by verifying that conditions (3.1.6a), (3.1.6b)
hold. Let a, b ∈ G and A ∈ H . Then, by (3.2.5) and the left invariance of µH
trR,Sb(aba
−1t(A)) =
∫
H
dµH(X) trX(R(aba
−1t(A)t(X))) (3.2.12)
=
∫
H
dµH(X) trX(R(bt(m(a
−1)(AX))))
=
∫
H
dµH(X) trX(R(bt(m(a
−1)(X))))
=
∫
H
dµH(X) trX(R(bt(X))) = trR,Sb(b),
verifying (3.1.6a). Next, let a ∈ G and A ∈ H . Then, by the right invariance of
the Haar measure µG,
trR,Sf (m(a)(A)) =
∫
G
dµG(x) trY (S(m(x)(m(a)(A)))) (3.2.13)
=
∫
G
dµG(x) trY (S(m(xa)(A)))
=
∫
G
dµG(x) trY (S(m(x)(A))) = trR,Sf (A),
verifying (3.1.6b). 
The characteristic values of the crossed module trace (trR,Sb, trR,Sf) are given
by the following proposition, which is the counterpart of prop. 3.2.2 for crossed
modules.
Proposition 3.2.4 One has
κtrR,Sb =
∫
H
dµH(X) trX(R(t(X))), (3.2.14a)
κtrR,Sf = dimY, (3.2.14b)
both numbers being integer.
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Proof. (3.2.14a), (3.2.14b) follow immediately form the defining relations (3.1.7a),
(3.1.7b) and the (3.2.4a), (3.2.4b). The integrality of κtrR,Sb stems from noting
that X → trX(R(t(X))) is the character of the representation R ◦ t of H and
that the integral (3.2.14a) equals the number of time the trivial representation
of H is contained in the reduction of R ◦ t in irreducible representations, by the
Peter–Weyl theorem. The integrality of κtrR,Sf is obvious. 
If κtrR,Sb 6= 0, it is possible to renormalize the trace (trb, trf ) as
trR,Sb(a) =
dimX
κtrR,Sb
trR,Sb(a), (3.2.15a)
trR,Sf(A) = trR,Sf (A) (3.2.15b)
with a ∈ G and A ∈ H . The renormalized characteristic values are then
κtrR,Sb = dimX, (3.2.16a)
κtrR,Sf = dimY. (3.2.16b)
This makes the analogy to the group theoretic case closer.
3.3 Generalized traces
The presentation of traces as morphisms of quandle structures of subsect. 3.1
is amenable of a generalization discussed in the present subsection.
Let G be a group. Prop. 3.1.1 suggests the following definition.
Definition 3.3.1 A trace tr over G is a pointed quandle morphism of the con-
jugation quandle G into some target pointed quandle T .
When T is the trivial pointed quandle Triv(C), we recover the restricted notion
of trace of def. 3.1.1.
By (2.2.1), the condition that tr is a trace over G entails that
tr(a⊲ b) = ιtr(a)(tr(b)) (3.3.1)
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with a, b ∈ G, where ιx denotes the inner automorphism of T associated with
x ∈ T (cf. eq. (2.2.3)). Hence, for fixed b ∈ G, tr(a⊲ b) with a ∈ G varies in the
orbit OrbInn(tr(b)) of tr(b) under Inn(T ). Such orbit is therefore a conjugation
invariant.
Similar considerations apply to crossed modules. Let (G,H) be a crossed
module. Prop. 3.1.2 suggests the following definition.
Definition 3.3.2 A trace (trb, trf) over (G,H) is an augmented pointed quandle
crossed module morphism of the conjugation quandle Conj(G,H) into some target
augmented pointed quandle crossed module (T, U).
When (T, U) is the trivial pointed quandle Triv(Cb,Cf), we recover the restricted
notion of trace of def. 3.1.1.
By (2.2.1), (2.4.2), (trb, trf ) being a trace over (G,H) implies that
trb(a⊲ b) = ιtrb(a)(trb(b)), (3.3.2a)
trf(a⊲B) = µtrb(a)(trf(B)) (3.3.2b)
with a, b ∈ G, B ∈ H , where (ιx, µx) denotes the inner automorphism of (T, U)
associated with x ∈ T (cf. eq. (2.4.4)). Hence, for fixed b ∈ G, B ∈ H ,
(trb(a⊲ b), trf(a⊲B) with a ∈ G varies in the orbit OrbInn(trb(b), trf (B)) of
(trb(b), trf(B)) under Inn(T, U). Therefore, again, such orbit is a conjugation
invariant.
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